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r--s ' Abstract. We classify 7-dimensional cocalibrated G2-nianifolds with parallel char- 

r\l , acteristic torsion and non-abelian holonomy. All these spaces admit a metric connec- 

tion V^ with totally skew-symmetric torsion and a spinor field ^i solving the equa- 
O ' tions in the common sector of type II superstring theory. There exist G2-structures 

,^^ , with parallel characteristic torsion that are not naturally reductive. 
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1. Metric connections with parallel torsion 

Consider a Riemannian manifold and denote by V^ its Levi-Civita connection. Any 
3-forni T defines via the formula 



q 

a metric connection V with totally skew-symmetric torsion T. We are interested in the 
case that the torsion form is parallel, VT = 0. Then T is coclosed, S{T) = 0, and the 
differential dT depends only on the algebraic type of T (see [E 



dT = 5^(eiJT)A(eiJT) . 



=1 



^T ■ The curvature tensor R^ : A^ — > A^ of the connection V is symmetric, R^(X, Y, U, V) = 

\^ ', 'Ry{U,V,X,Y), see [H]. Moreover, if there exists a V-parallel spinor field \I', we can 

^^ ' compute the Ricci tensor directly using only the torsion form, 

^; 2Ric^(X)-^ = {XjdT)-^. 



In particular Ric is parallel and divergence free, VRic = , div(Ric ) = (see 0). 
In [2] we introduced a second order differential operator J7 acting on spinors. It is a 
<^ • generalization of the Casimir operator and its kernel contains all V-parallel spinors. 

K> , The formula simplifies for parallel torsion, yielding 

C^ ■ = At + — (2Scal9 + ||T||2) - ]t^. 

16 4 

Consequently, any V-parallel spinor ^ satisfies 

T^.^ = i(2ScaF + llTlP)-* . 
4 

In case we have more than one V-parallel spinor, the latter equation is an algebraic 

restriction for the 3-form T. Indeed, the endomorphism T-^ acts as a scalar on the space 

of all V-parallel spinors. 
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2 THOMAS FRIEDRICH 

Almost Hermitian manifolds with parallel characteristic torsion have been studied in 
1^ and ^7]. In this paper we consider 7-dimensional Riemannian manifolds equipped 
with a G2-structure </?. It is called cocalibrated if the 3-form ip satisfies the differential 
equation 

d * If = 0. 

This ensures the existence of a characteristic connection V^ with totally skew-symmetric 
torsion preserving the G2-structure (see [T^ ) 

T'^ = — (dip , *ip) -if — *dip . 

In general, the torsion form T'^ is not V^-parallel. If it is, there exists a spinor field ^i 
satisfying the equations 

V^^i = 0, T=-^i = a-*i, (^(T^) = 0, V^Ric^' = 0, 

where the factor a depends on the algebraic type of the torsion form. Consequently, 
G2-manifolds with a parallel characteristic torsion are solutions of the equations for 
the commen sector of type II superstring theory, see J2|- The holonomy algebra 
i)ol{V^) C 02 preserves a 3-form T'^. The aim of the present paper is the construc- 
tion and classification of cocalibrated G2-manifolds with parallel characteristic torsion 
and non-abelian holonomy algebra. There are eight non-abelian subalgebras of Q2, see 
|l()j . For any of these algebras, we describe the set of admissible torsion forms T'^. We 
discuss the geometry of the space M^ in dependence of the type of its holonomy algebra 
as well as the G2-orbit of the torsion form T'^ G Af © A27. In particular, two subalge- 
bras of 02 are realized as holonomy algebras of a unique cocalibrated G2-manifold with 
parallel characteristic torsion, see Theorem 18 . II and Theorem 19. II All other non-abelian 
subalgebras occur as holonomy algebras for whole families of cocalibrated G2-manifolds. 
Thanks. I thank Ilka Agricola and Richard Cleyton (both from Humboldt Univer- 
sity Berlin) for many valuable discussions on the topic of this article. 

2. The exceptional Lie algebra 02 and its subalgebras 

The group G2 is a compact, simple and simply-connected 14-dimensional Lie group. It 
consists of all elements in the group S0(7) preserving the 3-form in seven dimensions 

^ = ei27 + ei35 — ei46 — 6236 — 6245 + 6347 -|- 6567 . 

The group G2 lifts into the spin group Spin(7) and, consequently, it acts on spinors. 
Let ei, . . . , 67 be the standard orthonormal basis of Euclidian space M^ and denote by 
Cliff (M^) the real Clifford algebra. We will use the following real representation of this 
algebra on the space of real spinors A7 := M^: 

ei = Eis + E27 — -E36 — -E'45 ) 62 = —En + E28 + -^35 — E^q , 
63 = —EiQ + E25 — -E38 + -E'47 5 64 = — E'ls — -E26 — -E'37 — E4S , 
65 = — -E13 — £'24 + -E57 + Eqs , e.Q = Ei4 — E23 — E^s + Eqj , 

67 = £^12 — E34 — E^Q + £78 

where Eij denotes the standard basis of the Lie algebra 50(8). We fix an orthonormal 
basis ^/Jl := (1, 0, . . . , 0) , . . . ,ip8 := {0,0, . . . , 1) of spinors. The group G2 coincides with 
the subgroup of Spin(7) preserving the spinor ipi. Its Lie algebra 02 is the subalgebra 
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of spin(7) containing all forms uj = Yl^ij ^ij such that the Clifford product a; • i/'i = 
vanishes. This condition holds if and only if 

Wl2 + W34 + ^56 = 0, -Wis + ^24 - ^67 = , -^14 - UJ23 - ^57 = , 

-UJiQ - u;25 + ^^37 = , Wis - ^26 - W47 = , 0^17 + W36 + 6^45 = , 

^27 + ^^35 - a;46 = . 

These equations define the Lie algebra 02 inside spin(7). The representations of Q2 on 
MJ and on Lin(V'2, ■03, ■ ■ ■ , V's) are equivalent. 

Dynkin's classical result that 32 has exactly three maximal subalgebras of dimensions 
8, 6 and 3 respectively implies that there are (up to conjugation) eight different non- 
abelian subalgebras of 02 (see ^^). The G2-representation A^(M^) splits into a 1- 
dimensional trivial representation Af generated by the form cp, a 7-dimensional repre- 
sentation Aj containing all inner products e^ J *ip, and the 27-dimensional complement 
A27. Given a Lie subalgebra C 02 let (A7)g and (A27)g be the space of all 0-invariant 
spinors and the space of all 0-invariant 3-forms in A27, respectively. The space of torsion 
forms of cocalibrated G2-manifolds with parallel torsion is the following set, 

Torg := {T G Af e (A27)g : T^ acts as a scalar on (A7)g} . 

Since the G2-orbit of the characteristic torsion is a geometric invariant, two torsion 
forms Ti and T2 define equivalent geometric structures if they are equivalent as 3-forms 
under the action of the normalizer AA(G) of the Lie group G C G2. Consequently, the 
relevant set is Torg/AA(G). We computed these spaces for any of the eight non-abelian 
subalgebras of 02. Here we formulate only the result of these computations. 

The subalgebra su(3) C 02- 

The Lie algebra preserving two spinors 0i and -02 is isomorphic to su(3). It is the 
unique subalgebra of 02 of dimension eight. The representation on Euclidian space 
splits into M^ = C^ © M^. (A27)gu(3) is one-dimensional and generated by 

T = 4ei27 - 3ei35 + 3ei46 + 3 236 + 3 6245 + 46347 + 4 6567- 
The set Torg„(3) is the union of two lines, 

Torj,u(3) = {a- (ei27 + 6347 + 6567)} U {b ■ (-6135 + cue + 6236 + 6245})- 
Remark that the intersections Torg„(3) n A'^ = and Tor^^s) n A27 = are trivial. 

The subalgebra u(2) C 5u(3) C 02- 

This Lie subalgebra is generated by 

-Pi := ei3 + 624 , P2 ■= ei4 - 623 , P3 ■= eu - 634 , Q3 := e^ + 634 - 2e56 . 

The subalgebra u(2) C 02 preserves two spinors ipi , tp2 and it acts on Euclidian space 
as M"^ = C^ © C © M"*^. The space (A27)u(2) is two-dimensional and parameterized by 

Ta,fe := {a + b) (-6135 + 6146 + 6236 + 6245) + 20(6347 + 6127) + 46e567- 

Tor„(2) is the union of two planes in Af © (A27)u(2). The first plane Hi is parameterized 
by 

Ta,fe + c- if , where a + b = c . 
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The second plane 112 is the family 

Ta,6 + c • 93 , where 4 (a + 6) = —3c. 
Here the intersection Hi n 112 is a line in (A27)u(2)- 
The subalgebra su(2) C su(3) C 02- 

This Lie subalgebra is generated by Pi, ^2; -fs and stabilizes four spinors V'l) V'2) V'S) V'4- 
Under su(2), we have the decomposition R'' = C^ © M^ © M^ © M^ It turns out that 
(A27)g„(2) is a 6-dimensional space. Moreover, the normalizer A^(SU(2)) is a three- 
dimensional subgroup. It acts on the spinor ip2,'^3ii^4: in a non-trivial way. Conse- 
quently, the geometrically relevant set Torgu(2)/-^(SU(2)) consists of 3-forms admit- 
ting the four spinors V'l ) V'2 > V's > ^4 as eigenspinors. It is the union of eight lines in 
Af © (A27)gu(2) generated by the following forms: 

T = ei27 — ei35 -I- ei46 -|- 6236 + 6245 + 6347 — 2e567 , 

T = ei27 + ei35 — ei46 — 6236 — ^245 + 6347 — 2 6557 , 

T = ei27 + ei35 + ei46 + 6236 - 6245 + £347 + 26557 , 

T = ei27 — ei35 — ei46 — 6236 + ^245 + 6347 -|- 2 6567 , 

T = ei35 — 6245 , T = 6146 + 6236 , T = 6127 + 6347 , T = 6557. 

The intersections of Torgu(-2) n Af = and Torg„(2) n A27 = are trivial. 

The subalgebra sUc(2) C 02 • 

The centralizer of the subalgebra su(2) C 02 is a subalgebra of 02 which is isomorphic, 
but not conjugated to su(2). We denote this algebra by sUc(2). It is generated by 

Ql := -614 - 623 + 2657, Q2 := -613 + 624 + 2667, Qs ■= 612 + 634 - 2656. 

The subalgebra sUc(2) C 02 preserves only one spinor ipi and Euclidian space splits 
under its action into M^ = C^ © M^. The space (A27)g„^(2) is one-dimensional and 
generated by the 3-form 

T = 99 - 76567- 

The set Torgu^(2) coincides with A'^ © (A27)j,u^(2) and is generated by ip and 6567. 

The subalgebra R^ ©sUc(2) C 02- 

This subalgebra is generated by Pi,Qi,Q2iQ3- The subalgebra M^ © sUc(2) C 02 
preserves only one spinor ipi, and we have M'^ = C^ © M^. The space {^27)m.^S)suc{2) is 
one-dimensional and generated by the 3-form 

T = 99 - 76567- 

The set Tor]ji0j,u^(-2) is generated by if and 6567. 
The subalgebra su(2) ©sUc(2) C 02- 

The subalgebra 5u(2) © sUc(2) is generated by Pi, P21 P3,Qi,Q2,Q3 and preserves 
the spinor ipi, the representation on MJ decomposes into M7 = M^ © M^. The space 
(^27)su(2)®suc(2) is one-dimensional and generated by the 3-form 

T = ip - 76567, 

and the set Torg„(2)®suc(2) is generated by if and 6567. 
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The subalgebra 5o(3) C 5u(3) C 02' 

This subalgebra is generated by 

Si := ei2 - 656, 5*2 := eis + 624 + 635 + 646, ^3 := eu - 623 + 635 - 645 

and stabihzes Vi and ^^2- We have the further sphtting M''' = M^ © M^ © R-*^, and 
(A27)go{3) is spanned by three hnearly independet 3- forms as follows, 

Ta,fe,c := a (-2 6123 + 6136 " 6145 + 6235 + 6246 + 26355) 
+ ft (-2 6124 - 6135 - 6146 + 6236 " 6245 + 26455) 
+ C (4 6127 - 3 6135 + 3 6146 + 3 6236 + 3 6245 + 46347 + 46567) • 

Torg£,(3) is the union of two hyperplanes in Af ©(A27)so(3). The intersection Torg£,(3)nA27 
is two-dimensional and consists of all forms with c = 0, Ta,b,o- 

The subalgebra S0jr(3) C 52- 

The unique irreducible 7-dimensional real representation of so (3) is contained in 02- 
Consequently we obtain a maximal subalgebra of dimension three, 5o{3)ir C 52- This 
algebra preserves only one spinor. (A27)5o.^(3) = is trivial and Tor<jp^^(3) = Af is 
generated by (p. 

3. The characteristic connection of a cocalibrated G2-manifold 

A G2-manifold (M'^, g, if) is called cocalibrated if the 3-form tp satisfies the differential 
equation 

d * if = 0, 

see ^2- Then there exists a unique connection V^ preserving the G2-structure with 
totally skew-symmetric torsion (see J13j ) 

T'^ = - {dip , *ip) ■ ip — * dip. 
6 

The torsion form belongs to Af © A27. If the torsion is parallel, the Ricci tensor depends 
only on the algebraic type of the torsion form T*^, see [13] . In particular, Ric is parallel 
and divergence free, see 0, 

V^Ric^' = 0, div(Ric^') = . 

On all these spaces, there exists a spinor field ^1 satisfying the equations 

V^^i = 0, T^.^i = a-^i, 6{T^) = 0, 

where the factor a depends on the algebraic type of the torsion form. 

The subclass of nearly parallel G2-structures is given by the condition that the 4-forms 
dip and *(p are proportional. In this case the characteristic torsion T'^ is proportional to 
ip and, consequently, it is automatically parallel, V^T*^ = 0. Although su(3) preserves 
the spinors V'l and -02, ^ acts on these spinors with different eigenvalues, hence no sub- 
algebra of 5u(3) can occur as holonomy algebra f)o[(V'^) of the characteristic connection. 

Proposition 3.1. Let (M^, g, ip) he a nearly parallel G2-manifold which is not parallel, 
T"^ 7^ 0. Then the holonomy algebra f)o[(V'^) is not a subalgebra o/su(3). The V^- 
parallel spinor of the nearly parallel G2-nianifold is unique. 
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On the other hand, nearly parallel G2-manifolds with characteristic holonomy f)o[(V^) = 
5u(2)©sUc(2) exist. Indeed, consider a 3-Sasakian manifold. By an appropriate rescal- 
ing of its metric in the direction of the three-dimensional bundle spanned by the contact 
forms, one obtains a nearly parallel G2-manifold of that type (see ^Ij, Theorem 5.4). 
The irreducible naturally reductive homogeneous space SO(5)/SOjr(3) is an example 
of a nearly parallel G2-manifold with characteristic holonomy f)o[(V'^) = 50ir{3). 

We now discuss G2-manifolds with characteristic torsion in A27 (structures of pure type 
W3, see lU). The differential equations characterizing these structures are 

d * if = 0, {dip, *ip) = 0. 

In this case the formula for the characteristic torsion simplifies, 

T'^ = - * dip. 

Observe that a cocalibrated G2-manifold is of type W3 if and only if the Clifford prod- 
uct T'^ • ^ = of the characteristic torsion and the canonical V^-parallel spinor van- 
ishes. Since T"^ 7^ is preserved by the characteristic connection, the holonomy algebra 
f)ol(V'^) is a proper subalgebra of 02- Moreover, the intersection TorgPl A27 = is trivial 
for g = su(3),5u(2) and S0jr(3). The algebraic computations yield now the following 
result. 

Proposition 3.2. Let M , g, ip) be a G2-'manifold of type W3 with parallel characteristic 
torsion. If [}ol{V^) =5u(3),su(2) orsOir{3), then M'^ is a parallel G2 -manifold, T^ = 0. 

We will study the cocalibrated G2-geometries with non-abelian holonomy algebra f)o[(V'^) 
case by case. 

4. G2-manifolds with parallel torsion and f)o[(V'^) = 5u(3) 

A cocalibrated G2-manifolds with non-trivial parallel torsion and f)o[(V'^) = su(3) ad- 
mits a V"^-parallel vector field 67 and two V^-parallel real spinor fields ^1, ^2 = &t^i- 
Let us introduce the following two globally well defined and V^-parallel forms, 

F := ei2 + 634 -I- 656, S := 6135 — ei46 — 6235 — 6245 

and define a G2-structure by setting 

if = S -F F A 67. 

The torsion form T*^ acts on these spinor fields with the same or with opposite eigen- 
values. First we discuss the case that the torsion form acts on both spinor fields with 
the same eigenvalue. Up to a scaling of the metric we can assume that T'^ is given by 
the formula 

T^ = 2(6127 + 6347 + 6567) = 2 F A 67 , T= • *l = -6*1, T= • *2 = -6*2- 

The equation ^^67 = yields directly 

V^67 = XjF, d67 = 2F, T"" = dejAej. 

Consequently, the tuple (M'^, g, 67, F) is a Sasakian manifold and T'^ is the characteristic 
torsion of this contact structure, see |13j . Consider the V^-parallel spinors ^1, ^2- 
Using the special algebraic formula for the torsion we compute that both spinors are 
solutions of the equation 

V^^ = -^X-^ - g{X,e7)-er-^ . 
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In the paper JH] we discussed the integrability conditions for this system. In the 
notations of this paper, the spinors ^1,^2 are Sasakian quasi-KilUng spinors of type 
(—1/2,-1). Then {M"^ ,g,eT,F) has to be a //-Einstein Sasakian manifold with Ricci 
tensor 

Ric^ = 10 • 5 - 4 • 67 (g) 67. 

The 3-forni S can be interpreted in contact geometry, too. It is a horizontal, V^- 
parallel and belongs to the A2(M^)-component in the decomposition of A^(M^) under 
the action of the group U(3), see |^. Let us fix now a simply-connected ry-Einstein 
Sasakian manifold of the prescribed type. Then there exist two Sasakian quasi-Killing 
spinors of type (—1/2,-1) (see ^H], Theorem 6.3). Moreover, we can reconstruct the 
G2-structure as well as the V^-parallel spinor fields. Finally we obtain the following 
result. 

Theorem 4.1. Any cocalibrated G2-'manifold such that the characteristic torsion acts 
on both V'^ -parallel spinors by the same eigenvalue and 

V"T" = 0, T'^ / 0, {)0[(V'=) = 5u(3) 

holds is homothetic to an rj-Einstein Sasakian manifold. Its Ricci tensor is given by 
the formula 

Ric^ = 10 • g - 4 • 67 (g) 67 . 

Conversely, a simply- connected r]-Einstein Sasakian manifold with Ricci tensor Ric^ = 
W-g — 4-67067 admits a cocalibrated G2-structure with parallel characteristic torsion 
and characteristic holonomy contained in 5u{3). 

The paper |0 is an introduction to the geometry of r/-Einstein Sasakian manifolds. 

Next we investigate the case that the torsion form acts on the parallel spinor fields with 
opposite eigenvalues. Then we have 

T^ = ei35 - ei46 - 6236 " 6245 = S, T" • ^1 = -4*i, T" • ^2 = 4^2 , 

and the scalar curvature is ScaF = 30. Since T'^ does not depend on 67 and ^^67 = 0, 
we conclude that 67 is parallel with respect to the Levi-Civita connection, V^67 = 0. 
The manifold M^ splits isometrically into M^ = X^ x M^, where X^ is an almost 
complex manifold with Kahler form F and characteristic torsion T'^. This torsion form 
belongs to the A2(M^)-component in the decomposition of A^(]R^) under the action 
of the group U(3), see ^. Consequently, X^ is a nearly Kahler (non-Kahlerian) 6- 
manifold. Vice versa, we can reconstruct the 7-dimensional G2-structure out of the 
6-dimensional nearly Kahler structure by the formula 

if = i; + FA67, 

where F is the Kahler form and S the parallel 3-form of type A^ of X^. Let us summarize 
the result. 

Theorem 4.2. A complete, simply- connected cocalibrated G2-manifold such that the 
characteristic torsion acts on V^ -parallel spinors by opposite eigenvalues and 

ycrpc ^ Q^ rpc _^ Q^ [)0[(V") = 5u(3) 

holds is isometric the the product of a nearly Kahler 6-manifold by R. Conversely, 
any such product admits a cocalibrated G2-structure with parallel torsion and holonomy 
contained in su(3). 
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5. G2-nianifolds with parallel torsion and [)o[(V'^) = u(2) 

In this case the foUowing forms are globally well defined and V^-parallel, 

67, Qi := ei2 + 634, rJ2 := 655, S := 6135 — e^e — 6236 — 6245- 
The G2-structure as well as the admissible torsion forms are given by the formulas 

if = S + Oi A 67 + $72 A 67, 
T'^ = - (a + 6 - c)i; + (2a + c) J7i A 67 + (46 + c) $^2 A 67, 

where one of the conditions a + 6 = c or 4(a + b) = —3c is satisfied. Using Proposition 
4.2 of the paper |lj we compute the differentials of these forms. 
Lemma 5.1. 

dej = (2a + c) i^i + (46 + c)^2, 
dQi = 2(a + 6 - c)(e7J*S) = 2<i02, 
dS = -4(a + 6 - c)f7i AJI2 + (4a + 46 + 3c)(*S), 
d*S = 0, d(e7J*S) = (4a + 46 + 3c) S A 67. 

First we study the case 4a + 46 + 3c = 0, c 7^ 0. The torsion form is given by 

7 
T'^ = -cE + (2a + c)(J7i-2Jl2) Ae7 

and it acts on the spinors ^1 and ^2 with opposite eigenvalues it 7c. We compute the 

scalar curvature, 

711 
ScaF = -12a2-12ac+^c^. 

8 

The formulas for the differentials of the globally defined forms can be simplified, 

7 
de7 = {2a +c){ni-2n2), df^i = --c(e7J*S) = 2dJ^2, 

d*T. = 0, d(e7J*S) = 0, dS = 7cfii A O2. 
In particular, all possible Lie derivatives vanish 

Cer^l = 0, £e7^2 = 0, £erS = 0, C^M -^ *^) = 0, ^erT' = 0. 

Let us discuss the regular case, i. e. we assume that 67 induces a free action of the 
group S^. Then vr : M"^ — > X^ is a principal fiber bundle over a smooth manifold X^. 
Moreover, on this manifold there exist differential forms f^i r22 and S such that 

t^ = ^cS, *t = -e7J*S 
4 

holds, where * denotes the Hodge operator of X^. We introduce the form 

n := Qi + 0.2- 

Then we obtain 

dn = 3-cit = 3ST^ 
4 

The torsion form T^ 7^ is of type A2 in the sense of almost Hermitian geometry on 

X^. The last equation shows that X^ is a nearly Kahler manifold (see jlj, section 

4.2.) with reduced characteristic holonomy f)o[(V^) = u(2) C 5u(3). Then X^ is 

isomorphic to the projective space CP or to the flag manifold F(l,2) equipped with 

their standard nearly Kahler structure coming from the twistor construction, see jSj. 

The form Qi — 2r22 is their standard Kahler form. Conversely, if X^ = CP ,F(1,2) is 
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nearly Kahler with reduced characteristic holonomy, then the forms il = ili + il2 and 
S exist and d{Qi — 2172) = holds. The equation 

der = (2a + c) (f^i - 21^2) 

defines — under the obvious integral condition for the cohomology class (2a + c) (Qi — 
21^2) — a S"^-principal bundle vr : M'^ — > X^ together with a connection. Finally, M'^ 
admits a G2-structure 

if = TT*{t) + TT*{ni + 122) A 67 

with parallel characteristic torsion form 

T^ = -c7r*(S) + (2a + c)7r*(f7i - 2^22) A 67 . 

All together we classified this type of regular G2-manifolds. 

Theorem 5.1. Let {M'^,g,(p) be a complete, cocalibrated G2-manifold such that 

V^T^ = 0, t)ol{V^) = u(2) 

and suppose that T^ acts with opposite eigenvalues ±7 c ^ on the V^ -parallel spinors 
^1 , \I'2. Moreover, suppose that M^ is regular. Then M^ is a principal S^ -bundle and 
a Riemannian submersion over the projective space CP or the flag manifold F(l,2) 
equipped with their standard nearly Kahler structure coming from the twistor construc- 
tion. The Chern class of the flbration it : M^ — > CP , F(l,2) is proportional to the 
Kahler form. Conversely, any of these fibrations admits a G2- structure with parallel 
characteristic torsion and characteristic holonomy contained in u{2). 

Consider now the case that a -\-b = c. The torsion form is given by 

T*" = (2a + c) J^i A 67 + (5c - 4a) ^2 A 67 

and it acts on the spinors ^1 and ^2 with eigenvalue — 7c. Again, we may simplify the 
formulas for the derivatives, 

dcY = (2a + c) r^i + (5c - 4a) 1^2 , dQi = dQ.2 = , 
d*S = 0, d(e7J*S) = 7cSAe7, dS = 7c (*S). 

In particular, the Lie derivatives are given by 

£e7^1 = 0, Cej^2 = 0, Cej'^ = 7c (67 J *S) , Ce^{eT A *T,) = — 7cS. 

The tangent bundle of M^ splits into two complex bundles and one real bundle, 

TM'^ = El ® E2 ®R-e7, 

where Ei is spanned by {ei, 62, 63, 64} and E2 is spanned by {65, eg}. The characteristic 
connection preserves this splitting. Using the formula for the characteristic torsion, we 
see that the bundles £^1 © M^ • 67 and £'2 © I^^ • 67 are preserved by the Levi-Civita 
connection V^, 



V^Ei © M • 67) C £1 © M^ • 67, V^(E'2 © M^ • 67) C £^2 © M^ 



•67. 
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We compute the Ricci tensor as well as the scalar curvature: 

Ric^' = {-Aa^ + Wac + 6c^) Ue, (-IGa^ + Uac + Wc^)ldE2 , 
Ric^ = (-2a^ + Uac H c^)IdE^ © (-8a^ - Sac + —c^)ldE2 



27 
© {12a^ -16ac+ —c^)-e7, 

-I fyr\ 

ScaW = -12a2 + i6ac+— c^ Scal^' = -48a^ + 64ac + Uc^ . 

For a regular structure, the orbit space vr : M — > X^ admits a Riemannian metric g, 
two closed forms i7i, 1^2 and a splitting of the tangent bundle, 

TX^ = El® E2. 

The Levi-Civita connection of X^ preserves this splitting. Consequently, the universal 
covering of X^ splits into the product of two Kahler-Einstein manifolds {Yi,g,Cli) 
and (12,5,^2)- The fibers of the Riemannian submersion vr : M — > X^ are totally 
geodesic and the O'Neill tensor is given by 

AxY = ipr^jX,y] = -^T%X,Y,*). 

We apply formula (9.36c) of 6 and compute the Ricci tensor of X^ 

rIc^ = 7c (2a + c) Id^^ © 7c (5c - 4a) Id^^ . 

Denote by Si the scalar curvature of Yi for i = 1,2. The sum 5 = S*! + 5*2 is the scalar 
curvature of X^ , and we have 

Si = 28c (2a + c) , ^2 = 14c (5c - 4a) , 5 = 7 • 14 • c^ > 0. 

By inverting these expression, we may express the parameters a, c by the scalar curva- 
tures, 

5 <Ji — 202 V S 

a = ^^, c = — -=. 

28V2S 7V2 

The differential de^ is given by 

1 1 Py 

dc^ = (2a + c)J7i + (5c - 4a) ^^2 = ^=(- Si fii + 52^22) = ^Ric^- 

V25 2 V5 

The form E is a section in a line bundle. Indeed, let us introduce the complex-valued 
form (7 := S + i (ey J *S). Then we obtain 

Le-jO = —7ica. 

Denote by L the length of the closed integral curves of 67. a is periodic along the 
integral curve, i.e. 7cL = 2k7r. Since 

a[m ■ e ) = e ■ a[m) = e • a[m) , 

the map o" is a section A2(X^) © G^, where G^ = M"^ Xsi C is the associated bundle 
defined by the S^-representation z — > z . The section a is parallel. The complex- 
valued 1-form 
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is the connection form in the bundle tt : M^ — > X^ . The Chern class of this principal 
bundle is given by 



2TTk k 

Consequently, the curvature of the bundle A2(X®) ® Gk vanishes automatically. More- 
over, in the non-simply-connected case the holonomy of the flat bundle A^X^) G^ 
is trivial. 

Theorem 5.2. Let (M'^,g,ip) be a complete, cocalibrated G2-manifold such that 

V'^T'^ = 0, f)o[(V'=) = u(2) 

and suppose that T'^ acts with eigenvalue — 7c 7^ on the V^ -parallel spinors ^1, "I'2. 
Moreover, suppose that M"^ is regular. Then M"^ is a principal S^ -bundle and a Rie- 
mannian submersion over a Kdhler manifold X^ . This manifold has the following 
properties: 

(1) The universal covering of X^ splits into a A- dimensional Kdhler- Einstein man- 
ifold and a 2-dimensional surface with constant curvature. 

(2) The scalar curvature S = Si -\- S2 > is positive. 

(3) The Kdhler forms (li and (I2 are globally defined on X^ . 

The bundle vr : M^ — > X^ is defined by a connection form. Its curvature is proportional 
to the Ricci form of X^ . Finally, the flat bundle h^{X^)(^Gk admits a parallel section. 
Conversely, any S^ -bundle resulting from this construction admits a cocalibrated G2- 
structure such that the characteristic torsion is parallel and the characteristic holonomy 
is contained in u(2). 

Example 5.1. Let Yi be a simply-connected Kahler-Einstein manifold with negative 
scalar curvature 5*1 = —1, for example a hypersurface of degree d > 5 in CP . For 
the second factor we choose the round sphere normalized by the condition S2 = +2. 
Then the product X^ = Yi x Y2 is simply-connected and the S^-bundle defined by the 
Ricci form admits a cocalibrated G2-structure with parallel torsion. Since the product 
X^ =YixY2 is simply-connected, the flat bundle A2(X^) (giGi admits a parallel section 
a. 

Finally we study the case c = 0. The G2-manifold is of pure type W3. In this case the 
3- form S projects onto X^ and defines a parallel form in A2(X^). On the other hand, 
the curvature of the bundle vr : M^ -^ X^ is proportional to Cli — 2(12- 

Theorem 5.3. Let (M'^,g,ip) be a complete G2-manifold of pure type W3 such that 

ycrpc ^ Q^ rpc _^Q^ [)0[(V^) =u(2). 

Moreover, suppose that M^ is regular. Then M^ is a principal S^ -bundle and a Rie- 
mannian submersion over a Ricci-flat Kdhler manifold X^ . This manifold has the 
following properties: 

(1) The universal covering of X^ splits into a 4- dimensional Ricci-fiat Kdhler man- 
ifold and the 2-dimensional fiat space M^. 

(2) The Kdhler forms Cli and CI2 are globally defined on X^. 

(3) There exists a parallel form S G A^A'^). 
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The bundle vr : M — > X^ is defined by a connection form. Its curvature is proportional 
to the form 

Oi - 2^2. 

Conversely, any S^ -bundle resulting from this construction admits a G2-structure of 
pure type W3 such that the characteristic torsion is parallel and the characteristic ho- 
lonomy is contained in u(2). 

Example 5.2. Consider a KS-suiface and denote by Qi its Kahler form. Then there 
exist two parahel forms ?/i,r/2 in A^(if3) being orthogonal to Cli. Let 65 and eg be a 
parallel frame on the torus T^. The product X^ = K3 x T^ satisfies the conditions of 
the latter Theorem. Indeed, we can construct the following parallel form 

E = r/i A 65 + 7/2 A 66- 

Moreover, the cohomology class of Qi — 2^2 has to be proportional to an integral class. 
This implies the condition that J7i/vol(T^) G H^(iC3; Q) is a rational cohomology class. 

6. G2-manifolds with parallel torsion and i)ol{\/^) = 5u(2) 

We briefly discuss the structure of simply-connected, complete, cocalibrated G2-manifolds 
with parallel characteristic torsion and f)ol(V'^) = su(2). The tangent bundle splits into 
the sum of two bundles preserved by the characteristic connection, 

TM'^ = El ® E2. 

In our notation, the three-dimensional subbundle E2 is spanned by {es , eg , ej}. More- 
over, the following forms are globally defined and V^-parallel, 

65 , 66 , 67 , Qi := 612 + 634 , O2 := 614 + 623 , ^3 := ei3 - 624 ■ 

The G2-structure is given by the formula 

(p = r^i A 67 - O2 A 66 + ^^3 A 65 + 6567- 

Basically there are three algebraic types of torsion forms. If T'^ = 6567, then M'^ splits 
into the product M"^ = y^ x S^ of the sphere S^ by a simply-connected, complete, 
Ricci-flat and anti-selfdual manifold Y^. The forms fii, O2, ^^3 are the parallel forms in 
A^(y'). Conversely, any product of that type admits a cocalibrated G2-structure with 
holonomy f)ol(V"^) = su(2). If T'^ = ^^3 A 65, then 66,67 are V^-parallel. The manifold 
splits into M^ = Y^ x M?. Moreover, we obtain 

d65 = ns, (d65)2A65 / 0, T'^ = d65A65. 

The tuple {Y^,g, 65, O3) is homothetic to a Sasakian manifold with characteristic torsion 
T*^ and holonomy su(2). These spaces have been described completely in jl3| , Theorem 
7.3. and Example 7.4. They are ry-Einstein Sasakian manifolds with Ricci tensor 
Ric^ = (6, 6, 6, 6, 4). Again, we can reconstruct the G2-structure of Y^ x M^ out of the 
?7-Einstein Sasakian structure of Y^. The third possibility for the torsion form is 

T'^ = r^i A67 + i72 Ae6 -r23 A65 -26567• 
A computation of the Ricci tensor yields the following result: 

Ric^' = 3Id£;, ©0Id£2, Ric^ = -Ue^ e3Id£;2- 

Since 65,66,67 are V^-parallel, the Killing vector fields define a locally free isometric 
action of the group SU(2) on M^. We identify the Lie algebra of SU(2) with these Killing 
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vector fields. In the regular case the G2-nianifold is a principal SU(2)-bundle M^ -^ Y'^ 
over a smooth Riemannian four-manifold. The vector valued 1-form Z : TIv'P -^ su(2) 
defined by 

Z := 65 65 + 66 66 + 67 (g) 67 

is a connection form. The formulas 

d65 = - r^s - 2 667 , d66 = ^2 + 2 657 , ^67 = Oi - 2 656 , 

express the curvature of the connection Z, 

Q.Z = Jli (gi 67 + r22 66 - ris (g) 65. 

Consequently, M^ is a SU(2)-instanton bundle over Y'^ and the selfdual curvature is 
parallel. 

7. G2-manifolds with parallel torsion and f)o[(V'^) =so(3) 

A G2-manifold with characteristic holonomy [)o[(V'^) = so (3) admits two V^-parallel 
spinor fields ^1 , ^2; a V^-parallel vector field 67 and a V^-parallel 2-form 612+634+656. 
Moreover, the representation splits into M'^ = M^©M^©IR^. Consequently, the condition 
ycrjic _ Q iuiplies that the manifold is naturally reductive (see |H]). The manifold is a 
homogeneous space G/S0(3), where the Lie algebra g of the 10-dimensional group G 
is completely fixed by the torsion and the curvature of the characteristic connection. 
Indeed, we have g = 50 (3) © M^ and the bracket is given by the formula 

[A + X,B + Y] = {[A, B] - R^(X,y)) + [A-Y - B-X - T"(X,y)). 

The family of admissible torsion forms depends on three parameters, 

Ta,6,c = d-tp + a (-2 6123 + 6136 - 6145 + 6235 + 6246 + 2 6356) 
+ & (-2 6124 - ei35 - 6146 + 6236 " 6245 + 2 6456) 
+ C (4 6127 - 3 6135 + 3 6146 + 3 6236 + 3 6245 + 4 6347 + 4 6567) , 

where either d = 3c or d = — 4c. If d = 3c, the torsion form acts on \I'i,^2 with 
the same eigenvalue. For d = —Ac it acts on these spinors with opposite eigenvalues. 
The curvature operator R'^ : A^(M^) — > so (3) is invariant. This gives a five-dimensional 
space parameterized by {x, y, z, u, f }, 

R= = R5 © 5i + R^ © 52 + R^ © 53 , 

R\ = (x-y)(6i2 -656) + (x + y)(6i6 + 625) + 2z(626 -615) + 2n637 + 2u647, 

R2 = X(6i3 + 635) + z(6i4 + 623 + 636 + 645) + ^(617 + 657) " ^(624 + 646) 

- U(627 + 667) , 

R3 = ^(613 - 624 - 635 + 646) + ^(645 " 614) + ^(657 - 617) + x(636 - 623) 

+ f (667 - 627) • 

Since the characteristic torsion is parallel, the curvature tensor R'^(A', y, [/, V) is sym- 
metric with respect to the pairs {X,Y) and {U, V), see [IB]. This implies directly that 
u = V = z = Q and y = —x. The curvature operator is proportional to the projection 
pr : A^(M'^) -^ so (3) onto the Lie subalgebra, 

R" = x(25i©Si + 52©52 + 53©53). 
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The pair (T'^,R'^) has to satisfy the Bianchi idendity. In particular, T'^ • T'^ + R'^ is a 
scalar in the Clifford algebra. This equation has two solutions, namely: 



d = -4c, X = a^ + b^ -Adc^, 

d = 3c, a = b = 0, 2x = -49c' 



,2 



If d = 3c 7^ 0, then the parameters a = b = vanish. The torsion form depends only 
on the parameter c and can be written in the simpler form 

49 
T= = 7c (ei2 + 634 + 656) A 67 , R"^ = - y c^ (2 ^i ^i + 5*2 52 + ^s 53) . 

A computation of the Ricci tensor yields the following result 

Ric9(ei) = - 49 c^ Ci for i = 1 , . . . , 6 , Ric^(67) = - 49 c^ 67 . 

In particular, the Riemannian Ricci tensor is positive definite and, consequently, M^ 
is compact. One easily identifies the group G: It is the group G = S0(5) with the 
standard embedding of S0(3). The corresponding naturally reductive space is the 
Stiefel manifold M^ = SO(5)/SO(3). 

Theorem 7.1. A simply-connected, complete, cocalibrated G2-nianifold with charac- 
teristic holonomy f)o[(V'^) = so(3) such that T^ acts with the same eigenvalue on the 
parallel spinors ^1,^2 is isometric to the Stiefel manifold SO(5)/SO(3). The metric 
is a Riemannian submersion over the Grassmanian manifold G5^2- 

If d = —4:C, the torsion form does not depend on 67, 67 J T'^ = 0. Since 67 is V^- 
parallel, the vector field is parallel with respect to the Levi-Civita connection, too. 
A complete, simply-connected G2-manifold of that type splits into the Riemannian 
product Y^ X M^, where Y^ is an almost Hermitian manifold of Gray-Hervella-type 
Wi © W3 with characteristic holonomy so (3) C su(3). Y'^ is completely defined by the 
torsion form and this family of almost Hermitian 6- manifolds has been studied in ^, 
Theorem 4.6 as well as in ^21- Let us summarize the result. 

Theorem 7.2. A simply-connected, complete, cocalibrated G2-manifold with charac- 
teristic holonomy f)o[(V'^) = so(3) such that T^ acts with opposite eigenvalues on the 
parallel spinors ^1,^2 splits into the Riemannian product Y^ x R-^, where Y^ is an al- 
most Hermitian manifold of Gray-Hervella-type Wi^Ws with characteristic holonomy 
5o(3) Csu(3). 

8. G2-manifolds with parallel torsion and [}o[(V'^) =S0jr(3) 

Since (A27)0Oir(3) = is trivial, any cocalibrated G2-manifold with parallel character- 
istic torsion and [}o[(V'^) = 50ir{3) is nearly parallel. Moreover, the curvature tensor 
R'^ is V^-parallel, see [Sj. There exists only one 50ir(3)-invariant curvature opera- 
tor R'^ : A^(M'^) — > 50ir{3), namely the projection onto the subalgebra 50 j,. (3) C 
50(7) = A^(M'^). Consequently, the characteristic torsion and the curvature operator 
are uniquely defined. On the other side, consider the embedding of S0(3) into S0(5) 
given by the 5-dimensional irreducible SO(3)-representation. Then the naturally re- 
ductive space SO(5)/SOjr.(3) admits a nearly parallel G2-structure, see ^3]. Finally we 
obtain a complete classification in this case. 

Theorem 8.1. A complete, simply- connected and cocalibrated G2-manifold with parallel 
characteristic torsion and f)o[(V'^) =50^^(3) is isometric to SO(5)/SOjr(3). 
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9. G2-manifolds with parallel torsion and i)ol{V^) = sUc(2) 

In this section we prove the following uniqueness result. 

Theorem 9.1. There exists a unique simply-connected, complete, cocalihrated G2- 
manifold with 

V^T= = 0, [)0[(V^) = 5Uc(2). 

The manifold is homogeneous naturally reductive. 

Proof. The sUc(2)-representation M^ = C^ © M^ splits into the sum of two irreducible 
representations. Then any G2-structure with parallel torsion and holonomy 5Uc(2) is 
naturally reductive, V^T^ = 0, V^R^ = 0, see j^l. The torsion forms belong to Torg„^(2) 
and are parameterized by two parameters, T^ = a-(/? + 6-6567. The curvature operator 
R'^ : A^(R'^) — > sUc(2) C A^(]R^) is symmetric and 5Uc(2)-invariant. Consequently, the 
curvature operator is proportional to the projection onto the Lie subalgebra sUc(2), 

^^ = piQi<S)Qi + Q2^Q2 + Q3'S>Q3). 

Qi, Q2 and Q3 denote the basis of the Lie algebra sUc(2) introduced before. The pair 
(T'^ , R'^) satisfies the Bianchi identity if and only if (T'^)^ H-R'^ is a scalar in the Clifford 
algebra, see il6|. There are two solutions of this algebraic equation, 

a = 0, p = 0, and p = a ,5a + b = 0. 

The case p = 0,a = defines a fiat structure, {)o[(V'^) = 0. The second case yields 
a unique naturally reductive, cocalibrated G2-manifold with parallel torsion and holo- 
nomy [)o[(V'^) = sUc(2) The Lie algebra q of the 10-dimensional automorphism group 
is given by g = sUc(2) © R"^ with the bracket 

[A + X, B + Y] = {[A, B] - R%X, Y)) + {A-Y - B ■ X - T%X, Y)) . 

It turns out that g is perfect, [q , q] = Q- The adjoint representation ad : g ^ dKd) 
is a faithful representation of g. The Lie algebra g contains a 7-dimensional nipotent 
radical r. It is generated by r = Lin(ei, 62, 63, 64, 65 — Q2, cq + Qi,ej + Qs). Moreover, 
[r , r] = Lin(e5 — Q2, eg + Qi, 67 + Q3) is three-dimensional and abelian. g/r = 5Uc(2) 
is isomorphic to the holonomy algebra. D 

The case of [)o[(V'^) = M"*^ © sUc(2) is similar. The admissible torsion forms are again 
T-^ = a-(p + 6-6567 and the (M^©sUc(2))-invariant operators R'^ : A2(M'^) — > Ri©sUc(2) 
are parameterized by three parameters, 

R= = p . (e34 © Qs - 614 © Qi - 623 © <5i - 613 © Q2 + 624 © (52 + 612 © Q3) 

+ q ■ (e56 © Qs - 657 © Qi - 667 O Q2) + r - (613 + 624) © Pi ■ 

Since R'^ is symmetric, we have q = —2 p. The curvature operator simplifies, 

R"" = P {Qi ®Qi + Q2®Q2 + Qz^Qz) + rPi®Pi . 

(T'^)^ -|- R'^ is a scalar in the Clifford algebra if and only if the following relations 
between the parameters hold, 

1 3 

p = a (3a + 6) , r = - a (5a -|- 6) . 

If 5a -|- 6 7^ and 3a -|- 6 7^ 0, then the holonomy of the characteristic connection is the 
full Lie algebra M^ ©5Uc(2). All together we classified simply-connected, complete, co- 
calibrated G2-manifolds with parallel characteristic torsion and holonomy M^ ©sUc(2). 
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The spaces are naturally reductive. Up to a scaling, the family depends on one param- 
eter. 

Remark 9.1. If b = 0, then M^ = A^(l,l) is a nearly parallel G2-manifold with 
an 11-dimensional automorphism group. The automorphism group is isomorphic to 
SU(3) X SU(2) and the space appears in the classification of all nearly parallel G2- 
manifolds with a large automorphism group, see |14j . 

10. G2-manifolds with parallel torsion and f)ol(V'^) = 5u(2) ©sUc(2) 

Example 10.1. Starting with a 3-Sasakian manifold and rescaling again its met- 
ric along the three-dimensional bundle spanned by 65,66,67, one obtains a family 
{M'^ ,gs,(ps) of cocalibrated G2-manifold such that 

d*s^s = 0, T^ = (^ - 10s) 6^67 + 2s(^„ V^T^ = 0. 

The necessary computations proving these properties are contained in 1I4, Theorem 
5.4. The characteristic connection preserves the splitting of the tangent bundle and, 
consequently, its holonomy is f)o[(V'^) = su(2) ©5Uc(2). If s = l/\/5, the structure is 
nearly parallel. Since (T^, ifs) = 4s + 2/s > 0, these structures are never of pure type 
W3. In the parametrization of the admissible torsion forms T^ = aip + be^Qj the family 
realizes the following curve in the {a , 6}-plane, 

2 9 

a = 2s, b = 10s, 5a^ + ab = i. 

s 

First we investigate naturally reductive G2-manifolds with holonomy f)o[(V^) = su(2)© 
5Uc(2). The characteristic torsion and the curvature operator depend on two parame- 
ters, T^ = a ■ ip + b ■ 6567 and 

R"" = P {Qi ®Qi + Q2®Q2 + Q?,®Q:i)+r (Pi ®Pi + P2®P2 + Pi® Ps)- 
The pair (T'^ , R'^) satisfies the Bianchi identity if and only if 

r = - ^ (5a + 5) , p = -^{3a + b). 

Consequently, we obtain (up to scaling) a one-parameter family of naturally reductive 
homogeneous G2-manifolds with i}ol{V^) = su(2) ©sUc(2). 

Remark 10.1. For 6 = 0, the manifold M is nearly parallel and has a 13-dimensional 
automorphism group, the squashed 7-sphere. It appears again in the classification in 

m- 

A classification of all cocalibrated G2-manifolds with parallel torsion and holonomy 
5u(2) © sUc(2) seems to be unaccessible. Nevertheless we can discuss the geometry of 
such manifolds and describe some particular cases. The tangent bundle splits into the 
sum of two bundles preserved by the characteristic connection, 

TJVf = Ei®E2. 

In our notation, the three-dimensional subbundle £"2 is spanned by {65,66,67}. The 
parallel torsion form of a cocalibrated G2-manifold depends on two parameters, 



aip + be, 



567- 
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The V^-parallel spinor field ^i satisfies tlie following differential equations 

V^^i = -^X-^i for XeEi, Vf.^1 = -^^^^V-^i for V e E2. 
The Ricci tensor depends only on T and can be computed explicitly 



Ric^' = (12a2 + Sab) Ue^ © (120^ + Aab) Id© 



2 ' 



Ric^ = (y a^ + 3ab) Me, © (ISa^ + 4a6 + ^ (a + bf) Ue^- 

Since V^ preserves the splitting TM''' = Ei (B E2, the algebraic formula for the torsion 
yields that E2 is an involutive subbundle. Moreover, the leaves are totally geodesic. We 
prove now that every leaf of this distribution is a 3-dimensional Riemannian manifold 
of constant sectional curvature. The result is a consequence of the following formulas. 

Lemma 10.1. Let X be a vector field in Ei and V be a vector field in E2. Then we 
have 

giV'yVy'^^X) = 0, g{V'^V'yV,X) = 0, 

R^{X,V,V,X) = -\\T{X,V,*)\\\ ^i?5(e„y,y,e,) = a^\\Vf. 

i=l 

Proof. V^ preserves the splitting TM''^ = Ei (B E2 and the torsion is totally skew- 
symmetric. Then we have 

= giVyV , V^^X) = 5(V^F,V^X) = - giV'^V^yV , X) + X{g{V'yV , X)) 

= -9{V'xKV,X) + X{g{V^yV,X)) = - g{V'^Vl,V , X) . 

We compute the formula for the curvature tensor R^ (X, V, V, X) in a similar way. 
Alternatively, one can apply formula (9.296) in |H]. □ 

We already know the Ricci tensor of M and that every leaf of the distribution is totally 
geodesic. Then the preceding Lemma yields a formula for the Ricci tensor of the leaves, 

(12a2 + Aab+-{a + bf)ld = -(5a + bfU. 

Proposition 10.1. Every leaf is a 'i- dimensional Riemannian manifold of constant 
sectional curvature 

k = -{f>a + bf > 0. 

// M'^ is complete, every maximal leaf of the distribution E2 is isometric to a complete 
space form of non-negative sectional curvature. 

If the space of leaves is a smooth manifold, it : M^ -^ V^ is a Riemannian submersion 
with totally geodesic fibers. The relevant tensor relating the geometry of M^ and V^ 
is 

Remark that in our case the tensor A : A^(£'i) -^ E2 vanishes on A^(£'i). Moreover, 
if a 7^ 0, then A : A^(ii^i) — > E2 is an isomorphism. We apply the formula (9.36c) of 
jS] and we compute the Ricci tensor of the space of leaves. 



kxY = -pr^jX,y] = --T^(X,y,*). 
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Proposition 10.2. The space of leaves Y"^ is an Einstein space. Its Ricci tensor is 
given by 3a(5a + b) Idj'y4. 

If a = 0, then the holonomy is reduced to 5u(2). Indeed, in this case, the Levi-Civita 
connection preserves the spHtting of the tangent bundle. The universal covering of 
M^ splits into the Riemannian product. The three-dimensional factor is a sphere S^. 
The four-dimensional factor is anti-selfdual and Ricci-flat. The vector fields 65,60,67 
become V^-parallel and globally defined. For example, we obtain 

V^es = Vf65 - -CQAejiX, *) = 0. 

Consequently, the holonomy is f)o[(V'^) = su(2). The second interesting case 6 = 
corresponds to nearly parallel G2-manifolds. According to Proposition 13.11 Theorem 
18. H and Theorem l9.1l any nearly parallel G2-manifold different from SO(5)/SOir(3) and 
iV(l, 1) = (SU(3) X SU(2))/(Si X SU(2)) has characteristic holonomy su(2) esUc(2) or 
02- At present, only few examples of nearly parallel G2-manifolds are known; hence, a 
complete classification of the case 6 = is unaccessible. 
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